An optimal-control problem for a mathematical model of a melt-spinning process is considered. Newtonian models with constant viscosity and temperature-dependent viscosity are used to describe the rheology of the polymeric material, the fiber is made of. The extrusion velocity of the polymer at the spinneret, as well as the velocity and temperature of the quench air serve as control variables. A constrained-optimization problem is derived and a first-order optimality system is set up to obtain the adjoint equations. Numerical solutions are carried out using a steepest-descent algorithm.
Introduction
Many kinds of synthetic textile fibers, like Nylon, Polyester, etc. are manufactured by a so-called melt-spinning process. In this process, the molten polymer is extruded through a die called the spinneret to create a slender, cylindrical jet of viscous polymer, the fiber. Far away from the spinneret, the fiber is wrapped around a drum, which pulls it away at a pre-determined take-up speed. The take-up speed is much higher than the extrusion speed; in industrial processes the take-up speed is about 50 m/s and the extrusion speed is about 10 m/s, see [1, 2] . The ratio between the take-up speed v L and the extrusion speed v 0 is called draw-ratio d = v L /v 0 > 1. Hence the filament is stretched considerably in length and therefore it decreases in diameter. The ambient atmosphere temperature is below the polymer solidification temperature such that the polymer is cooled and solidifies before the take-up; see Fig. 1 . In industrial processes a whole bundle of hundreds of single filaments is extruded and spun in parallel; for the analysis, however, we consider a single filament.
The dynamics of melt-spinning processes has been studied by many research groups throughout the world during the last decades starting with early works of Kase and Matsuo [3] and Ziabicki [4] . In later works, an energy balance for the heat transfer was introduced into the model, and more and more sophisticated descriptions, including material effects, crystallization kinetics and viscoelastic behavior, were developed by several authors [5] [6] [7] [8] [9] [10] [11] in order to achieve a better understanding of the fiber formation process. Up to now it has been possible to use the basic models with more or less modifications in different technological aspects of the melt-spinning process. Due to the complex behaviour of the polymeric material, several parameters are included in all the available models. Typically, these parameters are hard to measure. An identification based on comparing available data and simulations is one way of determining those parameters. Additionally, the outcome of the melt-spinning process depends heavily on the boundary conditions, e.g. the draw ratio, the ambient temperature, the quench-air velocity and temperature. The topic of optimization of fiber production with respect to the external variables has not been widely discussed in the literature.
The main goal of this study is to optimize the melt-spinning process with respect to the final temperature, the quench-air velocity and temperature. To model the fiber-spinning process, we consider Newtonian models with constant viscosity and temperature-dependent viscosity. We formulate the optimal-control problem as a constrained minimization problem, see [12] , and derive formally the corresponding first-order optimality system via the Lagrange functional. For the numerical computation of the optimal-control variables we present a steepest-descent algorithm using the adjoint variables. However, in this paper we do not address the question how the determined process conditions, i.e., quench-air velocity and temperature, can be implemented in reality. Technical constraints on the realizability of certain process conditions could be added to the cost functional (3).
The paper is organized as follows. In Sect. 2, we present the models and define the cost functional which must be minimized. In Sect. 3, the first-order optimality system is derived. The steepest-descent algorithm is discussed in Sect. 4. Finally, some numerical results are presented in Sect. 5 and concluding remarks can be found in Sect. 6.
The optimal-control problem

Melt-spinning model
Considering the basic conservation laws for mass, momentum and energy of a viscous polymer jet in a stationary situation and assuming the jet to be slender, one can obtain by averaging over the cross-section of the slender fiber the following set of equations; see [2, 13, 14] :
